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We report the bright solitons of the generalized Gross-Pitaevskii (GP) equation with some types of
physically relevant parity-time- (PT -) and non-PT -symmetric potentials. We find that the constant
momentum coefficient Γ can modulate the linear stability and complicated transverse power-flows
(not always from the gain toward loss) of nonlinear modes. However, the varying momentum
coefficient Γ(x) can modulate both unbroken linear PT -symmetric phases and stability of nonlinear
modes. Particularly, the nonlinearity can excite the unstable linear mode (i.e., broken linear PT -
symmetric phase) to stable nonlinear modes. Moreover, we also find stable bright solitons in the
presence of non-PT -symmetric harmonic-Gaussian potential. The interactions of two bright solitons
are also illustrated in PT -symmetric potentials. Finally, we consider nonlinear modes and transverse
power-flows in the three-dimensional (3D) GP equation with the generalized PT -symmetric Scarff-II
potential.
The study of stable solitons is of the impor-
tant significance in many fields of nonlinear sci-
ence such as nonlinear optics, Bose-Einstein con-
densates, fluid mechanics, plasmas physics, ocean,
etc. The gain-and/or-loss distribution can usually
generate to unstable solitons. In 1998, Bender
et al. first presented the non-Hermitian parity-
time- (PT -) symmetric Hamiltonians possessing
entirely real spectra for some parameters, which
differs from usual Hermitian Hamiltonians. In
fact, the imaginary parts of PT -symmetric poten-
tials can be regarded as the gain-and-loss distri-
bution in linear eigenvalue problems. After that,
the PT -symmetric potentials were introduced in
the nonlinear Schro¨dinger equation such that the
stable solitons could also be found since the imag-
inary parts of PT -symmetric potentials can al-
ways be balanced. A nature problem is whether
some stable solitons may also exist in other non-
linear wave models with PT -symmetirc poten-
tials. In this paper, we report bright solitons
of the generalized GP equation with physically
relevant PT - and non-PT -symmetric potentials.
We find that the constant momentum coefficient
can modulate the linear stability and complicated
transverse power-flows (not always from the gain
toward loss) of nonlinear modes. However, the
varying momentum coefficient Γ(x) can modu-
late both unbroken linear PT -symmetric phases
and stability of nonlinear modes. Particularly,
the nonlinearity can excite the unstable linear
mode (i.e., broken linear PT -symmetric phase)
to stable nonlinear modes. Moreover, we also
find the stable bright solitons in the presence
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of non-PT -symmetric harmonic-Gaussian poten-
tial. Finally, we consider nonlinear modes and
their transverse power-flows in three-dimensional
GP equation with the generalized PT -symmetric
Scarff-II potential. These results may excite the
potential experiments and applications in Bose-
Einstein condensates, nonlinear optics, and other
relevant fields.
I. INTRODUCTION
The theory of classical quantum mechanics usually
requires that the observable Hamiltonian is Hermitian,
which must admit entirely real energy spectra [1]. The
Dirac Hermiticity is, in fact, a sufficient but not neces-
sary condition to guarantee that its all energy spectra are
real since Bender and Boettcher [2] first showed that the
non-Hermitian Hamiltonian, H = p2+x2(ix)ǫ (ǫ is real)
still possessed entirely real eigenvalues for ǫ ≥ 0. The
novel results are mainly due to the introduction of parity
(P)-time (T ) reflection symmetry, where two operators
are defined as [3]: the linear parity operator P : x→ −x
and the antilinear time-reversal operator T : i→ −i. In
other words, the PT symmetricity may be regarded as
a ‘good property’ easily used to seek for the parameter
domains of unbroken PT -symmetric phase for the non-
Hermitian Hamiltonians. In terms of this PT -symmetric
principle, the one-dimensional linear Schro¨dinger oper-
ator Hˆ = −∂2x + U(x) is PT -symmetric provided that
U(x) = U∗(−x), that is, U(x) has the even real part and
the odd imaginary part for space [3], where U(x) is also
called the refractive-index in optical fibre.
Recently, the various complex PT -symmetric phenom-
ena have been observed in some fields [4–9]. More-
over, some stable nonlinear modes were excited in var-
ious PT -symmetric potentials such as the Scarff-II po-
2tential [10, 11], optical lattice potential [12], harmonic-
Gaussian potential [13], harmonic potential [14], Gaus-
sian potential [13, 15], sextic anharmonic double-well po-
tential [16], time-dependent harmonic-Gaussian poten-
tial [17], the double-delta potential [18], super-Gaussian
potential [19], and etc. [20]. Most of linear Hamiltonian
operators with one particle in these systems are of the
same form Hˆ , i.e., the sum of kinetic and PT -symmetric
potential energy operators [3]. More recently, the sta-
ble solitons of the three-order NLS equation with PT -
symmetric potentials have been investigated [21].
If one considers one more term (momentum operator)
iΓ(x)∂x with the coefficient Γ(x) being a real-valued pa-
rameter or function of space, then the generalized Hamil-
tonian operator is generated as H = −∂2x + iΓ(x)∂x +
U(x). Recently, the generalized Hamiltonian opera-
tors with various real-valued potentials U(x) were intro-
duced in the nonlinear Schro¨dinger (or Gross-Pitaevskii)
equation to excite stable wave propagations of nonlinear
modes, such as the periodic [22–24], anharmonic [22],
and two narrow Gaussian barrier [25] potentials. How-
ever, to the best of our knowledge, the above-mentioned
operatorH with complex potentials (e.g., PT -symmetric
potentials) has not been introduced into nonlinear phys-
ical models. Thus, the first goal of the present work is to
replace real potentials [22–25] with some physically rele-
vant PT -symmetric potentials (e.g., Scarff-II, generalized
Scarff-II double-well, and harmonic-Gaussian potentials)
into the generalized NLS/GP equation [22]. Moreover,
we find that the momentum coefficient and gain-and-loss
distribution have the strong effects on nonlinear modes
and transverse power-flows. If the momentum coefficient
is dependent on space, then another aim of this paper is
to study the effects of the varying momentum coefficient
Γ(x) and PT -symmetric potentials on linear and non-
linear modes as well as transverse power-flows such that
some interesting results are found.
The rest of this paper is arranged as follows. In Sec.
II we introduce the generalized GP (NLS) equation with
the PT -symmetric potentials and give the general the-
ory. In Sec. III, we consider some physically interesting
potentials, in which we study the bright solitons for both
self-focusing (attractive) and defocusing (repulsive) cases
and their stability in the domains of both unbroken and
broken PT -symmetric phases. Moreover, we find that
the nonlinearity can excite stable nonlinear modes in the
domain of broken PT -symmetric phase. The momen-
tum coefficient strongly modulates the transverse power-
flows such that the transverse power flowing directions
are complicated. Moreover, we find the stable solitons in
the presence of non-PT -symmetric harmonic-Gaussian
potential. In Sec. IV, we investigate the effect of vary-
ing momentum coefficient on the spectra of the linear
problem and stability of nonlinear modes. In Sec. V,
we consider the 3D nonlinear model with the generalized
PT -symmetric Scarff-II potential. Finally, some results
are given in Sec. VI.
II. NONLINEAR MODEL WITH
PT -SYMMETRIC POTENTIALS
A. The nonlinear model
We here focus on the one-dimensional generalized
Gross-Pitaevskii (or NLS) equation with the PT -
symmetric potentials as
i∂tψ=
(
−1
2
∂2x + iΓ(x)∂x + V (x) + iW (x)− g|ψ|2
)
ψ,(1)
where ∂t = ∂/∂t, ψ ≡ ψ(x, t) is a complex condensate
wave function of x, t, the term iΓ(x)∂x is called the mo-
mentum operator, the PT -symmetric potential requires
that V (x) = V (−x) and W (x) = −W (−x) describing
the real-valued potential and gain-loss distribution, re-
spectively, and g > 0 (or < 0) is real-valued attractive
(or repulsive) nonlinear interactions, respectively. Eq. (1)
can be regarded as a special case of the coupled GP equa-
tions with PT -symmetric potentials describing the quasi-
one-dimensional spin-orbit Bose-Einstein condensate by
the spinor Ψ = (ψ1, ψ2)
T [26–28]
i∂tΨ =
1
2
(
1
i
∂x − κ(x)σ1
)2
Ψ+
Ω
2
σ3Ψ− (Ψ†Ψ)Ψ, (2)
with σ1,3 being Pauli matrices, that is, if we set ψ = ψ1 =
ψ2, zero-Zeeman splitting Ω = 0, 2Γ(x) = κ(x), add the
PT -symmetric potentials V (x) + iW (x)− 12 [iκx+κ2(x)]
and change the nonlinearity 1 into a constant g in system
(2), then system (2) reduces to the single model (1) that
we will consider. Thus for the possible experimental im-
plementation of the studied model (1), one may design it
in terms of the similar results (see, e.g., Refs. [26–28]).
It is easy to show that Eq. (1) is invariant un-
der the PT -symmetric transformation if the complex
potential [V (x) + iW (x)] is PT -symmetric and Γ(x)
is an even function of space, where P and T oper-
ators are defined by P : x → −x and T : t →
−t, i → −i. Equation (1) is associated with a varia-
tional principle iψt = δH(ψ)/(δψ∗) with the Hamilto-
nianH(ψ) = ∫ +∞−∞ { 12 |ψx|2+iΓ(x)2 (ψ∗ψx − ψψ∗x)+[V (x)+
iW (x)]|ψ|2 − g2 |ψ|4}dx, where the asterisk stands for
the complex conjugate. The quasi-power and power of
Eq. (1) are given by Q(t) =
∫ +∞
−∞
ψ(x, t)ψ∗(−x, t)dx and
P (t) =
∫ +∞
−∞ |ψ(x, t)|2dx, respectively. One can read-
ily know that Qt = i
∫ +∞
−∞ gψ(x, t)ψ
∗(−x, t)[|ψ(x, t)|2 −
|ψ(−x, t)|2]dx and Pt = 2
∫ +∞
−∞ W (x)|ψ(x, t)|2dx. In the
absence of gain-and-loss distribution W (x), Eq. (1) has
been studied in the presence of constant Γ(x) and the
absence of gain-and-loss distribution W (x) [22–25].
B. General theory for the stationary problem
We are now interested in the localized stationary so-
lution of Eq. (1) as ψ(x, t) = φ(x)eiµt, where µ denotes
3the real chemical potential and the complex wave func-
tion φ(x) (lim|x|→∞ φ(x) = 0) satisfies the generalized
stationary GP equation(
−1
2
d2
dx2
+iΓ(x)
d
dx
+V (x)+iW (x)−g|φ|2+µ
)
φ=0.(3)
Eq. (3) with g = 0 becomes the linear eigenvalue problem.
In the presence of nonlinearity, there exist two cases for
the study of solutions of Eq. (3): i) if φ(x) is a real-valued
function, then we have the solution of Eq. (3)
φ(x) = c exp
[
−
∫ x
0
W (s)/Γ(s)ds
]
, (4)
with c 6= 0 and the condition linking the potential and
gain-or-loss distribution being
V (x)=
W 2−ΓWx+WΓx
2Γ2
+gc2exp
[
−2
∫ x
0
W (s)
Γ(s)
ds
]
−µ, (5)
ii) if the function φ(x) is complex, that is
φ(x) = φˆ(x) exp
[
i
∫ x
0
v(s)ds
]
, (6)
where the real function φˆ(x) is the amplitude, and the
real function v(x) is the hydrodynamic velocity, then we
substitute Eq. (6) into Eq. (3) to yield the relation linking
the hydrodynamic velocity
v(x) = 2φˆ−2(x)
∫ x
0
[W (s)φˆ2(s) + Γ(s)(φˆ2(s))s]ds, (7)
and the amplitude satisfying
φˆxx(x)
φˆ(x)
+2gφˆ2(x)−(v(x)−Γ(x))2−2V (x)=2µ−Γ2(x).(8)
For the given PT -symmetric potentials, one may solve
Eq. (3) (or Eqs. (7) and (8)) by analytical or numerical
methods. Hence we have found the nonlinear modes in
the stationary form ψ(x, t) = φ(x)eiµt with φ(x) given by
Eq. (6). To further study the linear stability of the above-
obtained nonlinear stationary solutions, we considered a
perturbed solution [29, 30]
ψ(x, t) =
{
φ(x) + ǫ
[
F (x)eiδt+G∗(x)e−iδ
∗t
]}
eiµt, (9)
where φ(x)eiµt is a stationary solution of Eq. (1), ǫ≪ 1,
and F (x) and G(x) are the eigenfunctions of the lin-
earized eigenvalue problem. Substituting Eq. (9) into
Eq. (1) and linearizing with respect to ǫ, we obtain the
following linear eigenvalue problem(
L gφ2(x)
−gφ∗2(x) −L∗
)(
F (x)
G(x)
)
= δ
(
F (x)
G(x)
)
, (10)
where L = 12∂
2
x−iΓ(x)∂x−[V (x)+iW (x)]+2g|φ(x)|2−µ.
It is easy to see that the PT -symmetric nonlinear modes
are linearly stable if δ has no imaginary component, oth-
erwise they are linearly unstable.
FIG. 1. (color online). The profile of phase transitions for
the linear operator Ls (12) with (11). The unbroken (broken)
PT -symmetric phase is in the domain inside (outside) two
symmetric phase breaking lines for every different frequency
Γ = 0.0375, 10.5. The domain of existence condition for bright
solitons (14) for the attractive g = 1 (repulsive g = −1) cases
is outside (inside) the parabola V0 = −(2W 20 /9 + 1). The
tangent points are T± = (−2.125, ±2.25).
III. PT -SYMMETRIC LINEAR AND
NONLINEAR MODES
In this section we mainly consider the simple case
Γ(x) = Γ = const. in Eq. (1).
A. PT -symmetric Scarff-II potential
We firstly consider the physically interesting potential
in Eq. (1) as the PT -symmetric Scarff-II potential [31]
V (x) = V0 sech
2x, W (x) = W0 sechx tanh x, (11)
where the real constants V0 < 0 and W0 can modulate
amplitudes of the reflectionless potential V (x) [32] and
gain-and-loss distribution W (x), respectively. These two
functions are bounded and V (x),W (x)→ 0 as |x| → ∞.
Moreover, the gain-and-loss distribution can be always
balanced in Eq. (1) since
∫ +∞
−∞ W (x)dx = 0.
1. Broken/unbroken linear PT -symmetric phases
We firstly consider the linear eigenvalue problem with
PT -symmetric Scarff-II potential (11) in Eq. (1) as
LsΦ(x) = λΦ(x), Ls = −1
2
∂2x+iΓ∂x+V (x)+iW (x), (12)
where λ and Φ(x) are the eigenvalue and engenfunc-
tion, respectively, and lim|x|→∞Φ(x) = 0. In the ab-
sence of momentum term Γ = 0, we know that the linear
problem (12) reduces to the usual Hamiltonian operator
with PT -symmetric Scarff-II potential (11): L0Φ0(x) =
λ0Φ0(x), L0 = − 12∂2x+V (x)+iW (x), where λ0 and Φ0(x)
are the eigenvalue and eigenfunction, which can be shown
to admit entirely real (discrete) spectra provided that the
4FIG. 2. (color online). (a, c) Real and (b, d) imaginary
parts of the eigenvalues [see Eq. (12)] as functions of V0 < 0
for the PT -symmetric potential (11) at (a, b) Γ = 0.0375 and
(c, d) Γ = 10.5. Other parameter is W0 = 2.
parameters V0 < 0 and W0 satisfy [31]
|W0| ≤ 1
8
− V0. (13)
In fact, Eq. (12) admits the exact state solution Φ(x) =
c sech(x) exp[−2iW0/3 tan−1(sinhx)] with c 6= 0, λ = 0.5
and the parabola V0 = −(2W 20 /9 + 1). Of course, the
parabola is a subset of the condition (13) (see Fig. 1).
In the presence of momentum term Γ, we find that if λ0
and Φ0(x) satisfy L0Φ0(x) = λ0Φ0(x), then the function
Φ(x) via the invertible transformation Φ(x) = Φ0(x)e
iΓx
satisfies Eq. (12) with λ = λ0 + Γ
2/2. Conversely, the
results also hold, that is, for the non-zero momentum
coefficient Γ, the operator Ls admits entirely real (dis-
crete) spectra provided that the parameters V0 < 0 and
W0 satisfy the same condition (13).
Moreover, we numerically study the domains of unbro-
ken and broken PT -symmetric phases of the operator Ls
with PT -symmetric potential (11) for different frequen-
cies on the (V0,W0)-space, which are the same as ones
given by Eq. (13), that is, the momentum coefficient Γ
can not change the domains of unbroken/broken PT -
symmetric phase, but it has the effect on the eigenvalues
for the given PT -symmetric potential (see Fig. 1).
We choose the different momentum coefficients Γ =
0.0375 [25] and Γ = 10.5 as well as fix W0 = 2 to numeri-
cally illustrate two lowest states corresponding to discrete
spectra such that the spontaneous symmetry breaking
occurs due to collision of the two lowest states as the
amplitude |V0| of the potential decreases. Moreover, the
absolute value of real part of the eigenvalue becomes large
as the momentum coefficient increases (see Fig. 2). The
non-smooth points are due to the order of energy levels
(i.e, the real parts of eigenvalues) (see Figs. 2(a,c)).
2. Nonlinear localized modes and stability
We now turn to study nonlinear localized modes of
Eq. (3) in PT -symmetric Scarff-II potential (11). We
can find that Eq. (3) possesses the unified exact bright
solitons
φ(x) =
√
1
g
(
2W 20
9
+ V0 + 1
)
sechx eiϕ(x), (14)
for both attractive (g = 1) and repulsive (g = −1)
nonlinearities, where the chemical potential µ is mod-
ulated by the frequency as µ = (1 + Γ2)/2, and the
non-trivial phase is related to the amplitude W0 of gain-
and-loss distribution and momentum coefficient Γ, that
is ϕ(x) = Γx − 2W03 tan−1(sinh x). The existence condi-
tions of the bright solitons (14) are V0 > −(2W 20 /9 + 1)
for g = 1 and V0 < −(2W 20 /9 + 1) for g = −1 [see the
regions inside (g = −1) and outside (g = 1) the parabola
V0 = −(2W 20 /9+1) in Fig. 1]. Notice that for Γ = 0, the
chemical potential is a constant, µ = 0.5. When Γ in-
creases, µ also becomes large. Moreover, the momentum
coefficient Γ does not control the amplitude of nonlinear
modes (14), but changes the chemical potential µ and
phase ϕ(x). It is easy to see that nonlinear modes (14)
are also PT -symmetric.
We can find that the parabola V0 = −(2W 20 /9 + 1)
is tangent to the PT -symmetric threshold lines W0 =
±(0.125− V0) with two tangent points being (V0,W0) =
(−2.125,±2.25), that is, the existence domain of bright
solitons (14) for the repulsive case g = −1 is completely
located in the region of unbroken PT -symmetric phase,
but the existence domain of bright solitons (14) for the
attractive case g = 1 contains both partial domain of un-
broken PT -symmetric phase and entire domain of bro-
ken PT -symmetric phase (see Fig. 1). Particularly, we
find that the momentum coefficient Γ can modulate both
the phase ϕ(x) and chemical potential µ, but is inde-
pendent on the amplitudes of bright solitons (14). The
amplitudes V0 and W0 of V (x) and W (x) can control
the amplitudes of nonlinear modes (14) and power since
P = 2g
(
2W 2
0
9 + V0 + 1
)
for nonlinear modes (14).
For the chosen momentum coefficients Γ =
0.0375, 10.5, Figs. 3(a, b) for g = 1 and Figs. 4(a,
b) for g = −1 display maximal absolute values of
imaginary parts of linearized eigenvalues δ related to
solutions (14) as functions of V0 and W0 [cf. Eq. 10)],
which illustrate the linear stable (the dark blue) and un-
stable (other) regions. In the following, we numerically
check the robustness of nonlinear modes (14) for both
attractive and repulsive cases via the direct propagation
of initially stationary state (14) with a noise 1%.
For the attractive case g = 1, Fig. 3 illustrates the
stable and unstable situations for different parameters
V0, W0, and Γ. For Γ = 0.0375 and V0 = −0.8, W0 = 0.6
belonging to the region of unbroken linear PT -symmetric
phase of the operator Ls [cf. Eq. (12)], the nonlinear
mode is stable (see Figs. 3(c, d)), which can be observed
5FIG. 3. (color online) Linear stability [cf. Eq. (10)] of nonlin-
ear modes (14) for (a) Γ = 0.0375 and (b) Γ = 10.5 [the max-
imal absolute value of imaginary parts of the linearized eigen-
value δ in (V0,W0)-space (common logarithmic scale), simi-
larly hereinafter], where the parabola is V0 = −(2W 20 /9 + 1).
One-hump [(c) Γ = 0.0375, V0 = −0.8, W0 = 0.6 (unbro-
ken linear PT -symmetry), (e) Γ = 0.0375, V0 = −1.5, W0 =
1.65 (broken linear PT -symmetry), [(g) Γ = 10.5, V0 =
−1.5, W0 = 1.65 (broken linear PT -symmetry)], and (i)
Γ = 0.0375, V0 = −1.2, W0 = 0.2 (unbroken linear PT -
symmetry)] nonlinear modes (14). (d, f, h) Stable and (j) peri-
odically varying propagation of the nonlinear modes (14) cor-
responding to the weakly perturbed initial conditions shown
in (c, e, g), and (i) respectively. Other parameter is g = 1.
in the relevant experiments. If we fix Γ = 0.0375, V0 =
−0.8 and change W0 = 0.8, which even if corresponds
to the domain of unbroken linear PT -symmetric phase,
but the nonlinear mode becomes unstable. Similarly, if
we fix V0 = −0.8, W0 = 0.6 and change Γ = 10.5, which
also corresponds to the domain of unbroken linear PT -
symmetric phase, then we find that the nonlinear mode
also is unstable. If we choose V0 = −1.5, W0 = 1.65
belonging to the domain of broken linear PT -symmetric
FIG. 4. (color online). Linear stability [cf. Eq. (10)] of
nonlinear modes (14) for (a) Γ = 0.0375 and (b) Γ = 10.5,
where the parabola is V0 = −(2W 20 /9 + 1). One-hump [(c)
Γ = 0.0375, V0 = −2, W0 = 1.5495 (unbroken linear PT -
symmetry), (e) Γ = 0.0375, V0 = −2, W0 = 1.5498 (unbroken
linear PT -symmetry), (g) Γ = 10.5, V0 = −2, W0 = 1.5498
(unbroken linear PT -symmetry), and (i) Γ = 0.0375, V0 =
−0.9, W0 = 0.2 (unbroken linear PT -symmetry)] nonlinear
modes (14). (d, h) Stable, (f) unstable, and (j) periodically
varying propagation of the nonlinear modes described by Eq.
(14) subject to the weakly perturbed initial conditions shown
in (c, g, e), and (i), respectively. Other parameter is g = −1.
phase [cf. Eq. (12)], then we find the stable nonlinear
modes for Γ = 0.0375 and Γ = 10.5 [see Figs. 3(f, h)].
Notice that for the attractive case g = 1, exact non-
linear modes (14) of Eq. (3) exist outside the parabola
V0 = −(2W 20 /9+ 1) [see the white parabola in Figs. 3(a,
b)]. If we choose V0 = −1.5, W0 = 0.2 (located inside
the parabola), in which nonlinear modes (14) become
φ+(x) = i
√
41/15 sechx exp[i(Γx − 2/15 tan−1(sinhx))]
(see Fig. 3(i), where the real part is a odd function and
imaginary part is an even function, which differs from
other cases [cf. Figs. 3(c, e, g)]), which does not satisfies
6FIG. 5. (color online). The interactions of two solitons in
Eq. (1). (a) the solution (14) with the wave 1.2 sech[1.2(x +
20)]e4ix with Γ = 0.0375, V0 = −0.8,W0 = 0.1, g = 1,
(b) the solution (14) with the wave 1.2 sech[1.2(x − 20)]e4ix
with Γ = 10.5, V0 = −0.8,W0 = 0.1, g = 1, (c) the solu-
tion (14) with the wave 1.2 sech[1.2(x + 20)]e6ix with Γ =
0.0375, V0 = −2,W0 = 0.1, g = −1, (d) The solution (14)
with the wave 1.2 sech[1.2(x − 20)]e4ix with Γ = 10.5, V0 =
−2,W0 = 0.1, g = −1.
Eq. (3) with PT -symmetric Scarff-II potential (11). But
we still use it as an initial solution with a noise perturba-
tion of order 1% to make numerical simulations such that
we surprisedly find the initial mode φ+(x) can be excited
to a stable nonlinear mode, which exhibits the weak os-
cillations (breather-like behavior) (see Fig. 3j). This may
be due to the strong gain-and-loss distribution and non-
exact initial condition and enlarges the modulation scope
of parameters in the experiments.
For the repulsive case g = −1, Fig. 4 illustrates the
stable and unstable situations for different parameters
V0, W0 and Γ. For Γ = 0.0375 and V0 = −2, W0 =
1.5495 related to the unbroken linear PT -symmetric
phase of Ls, the nonlinear mode is stable (see Figs. 4(c,
d)). If we fix Γ = 0.0375, V0 = −2 and change W0
a little into W0 = 1.5498 related to unbroken linear
PT -symmetric phase of Ls, then the nonlinear mode
becomes unstable (see Figs. 4(e, f)), whereas we fix
W0 = 1.5498, V0 = −2 and change Γ = 10.5 related to
the unbroken linear PT -symmetric phase of Ls such that
the nonlinear mode becomes stable again (see Figs. 4(g,
h)).
Notice that for the repulsive case g = −1, nonlinear
mode (14) exists inside the parabola V0 = −(2W 20 /9+1)
(see the parabola (white parabola) in Figs. 4(a, b)).
If we choose V0 = −0.9, W0 = 0.2 (located outside
the parabola), in which nonlinear mode (14) becomes
φ−(x) = i
√
53/450 sechx exp[i(Γx− 2/15 tan−1(sinhx))]
(see Fig. 4(i)), which does not satisfy Eq. (3) with PT -
symmetric Scarff-II potential (11). But we still use it
as an initial solution with a noise 1% to make numerical
simulations such that we surprisedly find the initial mode
φ−(x) can be excited to a stable nonlinear mode and we
FIG. 6. (color online). The transverse power-flow (15) re-
lated to nonlinear modes (14) and gain-and-loss curves W (x)
given by Eq. (11) (dashed lines) with W0 = 2, Γ = 1, g =
1, V0 = −1. c = sech−1(3/4), ‘L’=‘Loss’, ‘G’=‘Gain’.
observe the phenomenon that there is a small bulge at
the beginning, and then it decreases such that the weak
oscillatory (breather-like behavior) situation is generated
(see Fig. 4(j)).
Moreover, we also study the interactions of two bright
solitons in the PT -symmetric potential. For the attrac-
tive case g = 1 and V0 = −0.8, W0 = 0.1, we consider the
initial condition ψ(x, 0) = φ(x)+1.2 sech[1.2(x+20)]e4ix
with φ(x) given by Eq. (14) and Γ = 0.0375 such that the
elastic interaction is generated (see Fig. 5(a)). When Γ
becomes large, e.g., Γ = 10.5, we consider the initial con-
dition ψ(x, 0) = φ(x)+1.2 sech[1.2(x−20)]e4ix with φ(x)
given by Eq. (14) (see Fig. 5(b)). Similarly, for the repul-
sive case g = −1 and V0 = −2, W0 = 0.1, we consider the
initial condition ψ(x, 0) = φ(x)+1.2 sech[1.2(x+20)]e6ix
with φ(x) given by Eq. (14) and Γ = 0.0375 such that the
semi-elastic interaction is generated in which the shapes
of exact nonlinear mode are almost same before and after
interaction, but the shapes of the other mode are changed
before and after interaction (see Fig. 5(c)). When Γ be-
comes big, e.g., Γ = 10.5, we consider the initial condition
ψ(x, 0) = φ(x)+ 1.2 sech[1.2(x− 20)]e4ix with φ(x) given
by Eq. (14) such that we find the similar semi-elastic
interaction (see Fig. 5(d)).
3. The varying transverse power-flow of nonlinear modes
To more understand the properties of stationary non-
linear mode (14), we check its transverse power-flow or
‘Poynting vector’, which arises from the nontrivial phase
structure of the nonlinear mode and is
S(x) = i2 (φφ
∗
x − φxφ∗)
=
[
1
g
(
2W 20
9
+V0+1
)
sech2x
](
Γ− 2W0
3
sechx
)
,
(15)
For Γ = 0, the sgn(S) = −sgn(W0), that is, the power
always flows from the gain toward loss (see Refs. [10,
11]), but in the presence of momentum term Γ 6= 0, the
sign of S is not always positive or negative definite and
is dependent on both parameters W0 and Γ, and even
space position x. As a consequence, these four results
are generated in Table I. We discuss them as follows:
7TABLE I. The signs of S(x) (the power flowing direction) is
related to W0, Γ, and even space (cf. Eq. (15)).
Case W0 Γ S(x)
1 W0 > 0 Γ ≥ 2W03 S ≥ 0 for all x
2 W0 > 0 0<Γ<
2W0
3


S ≥ 0, |x|≥ sech−1
(
3Γ
2W0
)
S < 0, otherwise
3 W0 < 0 Γ > 0 S > 0 for all x
4 W0 = 0 Γ > 0 S > 0 for all x
i) For the Case 1, the power always flows from the loss
toward the gain.
ii) For the Case 2, the the power flowing directions
are complicated in different positions. For any 0 < Γ <
2W0/3 withW0 > 0, the power always flows from the loss
toward the gain for |x| ≥ sech−1(3Γ/(2W0)) and from
the gain toward the loss for |x| < sech−1(3Γ/(2W0)) (see
Fig. 6).
iii) For the Case 3, we find that the power always flows
from the gain toward the loss, which displays that the
momentum operator iΓ∂x is the same (or weak) action
as the gain-and-loss term W (x) (Γ 6= 0) or has no effect
on gain-and-loss term (i.e., Γ = 0).
iv) For the Case 4, i.e., without the gain-and-loss term
W (x) ≡ 0, the momentum operator iΓ∂x has the similar
action on power flowing direction such that the power
always flows in one direction.
B. PT -symmetric α-power-law Scarff-II potential
We here consider the PT -symmetric α-power-law
Scarff-II potential
Vα(x)=v1sech
2x+v2sech
2αx,Wα(x)=W0sech
αx tanhx,
(16)
where α > 0, v1 = −α(α+1)/2, v2 and W0 are both real
constants. For the case α = 1, the potential Vα(x) and
Wα(x) become the well-known Sacrff-II potential V1(x) =
(v1 + v2)sech
2x and W1(x) = W0sechx tanhx [31].
For the different parameters α > 0 and v2, the poten-
tial Vα(x) displays abundant well structures (see Figs. 7
and 8). For the potential (16), we have the bright solitons
of Eq. (3)
φα(x) =
√
1
g
(
2W 20
9α2
+ v2
)
sechαx eiϕα(x) (17)
for g = ±1, where g(v2 + 2W 20 /(9α2)) > 0, the chemical
potential is µ = (α2 + Γ2)/2 and the phase is
ϕα(x) = Γx− 2W0
3α
∫ x
0
sechαsds, (18)
Notice that when v2 = 0, we know that the solution
(17) is only for the case g = 1. For 0 < α < 1 the wave
widths of nonlinear modes (17) become larger than one
with α = 1, whereas for α > 1, they are smaller than
ones with with α = 1. In the following we numerically
study the linear stability of nonlinear modes (17) for two
cases 0 < α < 1 (e.g., α = 0.5) and α > 1 (e.g., α = 2).
1. Stability of nonlinear modes
In the following, we check the robustness of nonlin-
ear modes (17) for both attractive and repulsive cases by
numerical simulations via the direct propagation of the
initially stationary state in Eq. (17) with a noise pertur-
bation of order 1%.
We fix α = 0.5 and Γ = 1. For the attractive case
g = 1, we have the stable modes (Fig. 7(b)) for v2 =
W0 = 0.1, in which the potential is single-well-like (see
Fig. 7(a)). If we increase v2, e.g., v2 = 0.5, in which
the potential becomes the single-well with double-hump
(see Fig. 7(c)) such that we have the unstable modes
(Fig. 7(d)). For the repulsive case g = −1, we fix v2 = −2
and change W0 such that we have the stable (Fig. 7(f))
and unstable (Fig. 7(h)) for W0 = 0.1 and W0 = 0.8,
respectively. The two cases only lead to the single-well
potential (Figs. 7(e, g)).
We fix α = 2, Γ = 1. For the attractive case g = 1, we
have the stable modes (Fig. 8(b)) for v2 = 2, W0 = 0.1,
in which the potential is double-well (Fig. 8(a)). If we
increase v2 as v2 = 5 in which the potential becomes
the double-well-like with higher center hump (Fig. 8(c))
such that we have the unstable modes (Fig. 8(d)). For
the repulsive case g = −1, we fix v2 = −2 and change
W0 such that we have the stable (Fig. 8(f, h)) for both
W0 = 0.1 and W0 = 5.99, respectively. In fact, if we fix
v2 = −2, then the nonlinear mode (17) is still stable for
|W0| < 6 and g = −1. The two cases only lead to the
single-well potential (Figs. 8(e, g)).
2. The varying transverse power-flow
To more understand the properties of stationary non-
linear mode (17), we check its transverse power-flow or
‘Poynting vector’ in the form
S(x)=
[
1
g
(
v2+
2W 20
9α2
)
sech2αx
](
Γ− 2W0
3α
sechαx
)
,(19)
which denotes that the sign of S is not positive or nega-
tive definite and is dependent on both parameters W0, α
and Γ, and even space position x. These four results are
listed in Table II. We discuss them as follows:
i) For the Case 1, the power always flows from the loss
toward the gain.
ii) For the Case 2, the the power flowing directions are
complicated. For any 0 < Γ < 2W0/(3α) with W0 > 0,
the power always flows from the loss toward the gain for
8FIG. 7. (color online). PT -symmetric potential given by
Eq. (16) with (a) v2 = W0 = 0.1, g = 1, (c) v2 = 0.5, W0 =
0.1, g = 1, (e) v2 = −2, W0 = 0.1, g = −1, and (g) v2 =
−2,W0 = 0.8, g = −1. (b, f) Stable and (d, h) unstable
propagations of nonlinear modes described by Eq. (17) subject
to the PT -symmetric potentials (a, e) and (c, g), respectively.
Other parameters are Γ = 1 and α = 0.5.
|x| ≥ sech−1( α
√
3αΓ/(2W0)) and from the gain toward
the loss for |x| < sech−1( α
√
3αΓ/(2W0)).
iii) For the Case 3, we find that the power always flows
from the gain toward the loss, which displays that the
momentum operator iΓ∂x is the same (or weak) action
as the gain-and-loss term W (x) (Γ 6= 0) or has no effect
on gain-and-loss term (i.e., Γ = 0).
iv) For the Case 4, i.e., without the gain-and-loss term
W (x) ≡ 0, the momentum operator iΓ∂x has the similar
action on power flowing direction such that the power
always flows in one direction.
C. PT -symmetric harmonic-Gaussian potential
We here consider another physically relevant case of
the parabolic (harmonic) potential
V (x) =
1
2
ω2x2, (20)
FIG. 8. (color online). PT -symmetric potential given by
Eq. (16) with (a) v2 = 2,W0 = 0.1, g = 1, (c) v2 = 5,W0 =
0.1, g = 1, (e) v2 = −2, W0 = 0.1, g = −1, and (g) v2 =
−2,W0 = 5.99, g = −1. (b, f, h) Stable and (d) unstable
propagations of nonlinear modes described by Eq. (17) subject
to the PT -symmetric potentials (a, e, g), and (c), respectively.
Other parameters are Γ = 1 and α = 2.
TABLE II. The sign of S(x) (the power flowing direction) is
related to W0, Γ, and even space.
Case W0 Γ S(x)
1 W0 > 0 Γ ≥ 2W0
3α
S ≥ 0 for all x
2 W0 > 0 0<Γ<
2W0
3α


S ≥ 0, |x|≥ sech−1
(
α
√
3αΓ
2W0
)
S < 0, otherwise
3 W0 < 0 Γ > 0 S > 0 for all x
4 W0 = 0 Γ > 0 S > 0 for all x
and the family of Hermite-Gaussian type of gain-and-loss
distributions [13, 17]
Wn(x)=σ[ωxHn(
√
ωx)−2n√ωHn−1(
√
ωx)]e−ωx
2/2,(21)
where the frequency ω > 0, σ is a real amplitude, and
Hn(x) = (−1)nex2(dne−x2)/(dxn) denotes the Hermite
polynomial with n is a non-negative integer and Hn(x) ≡
90 with n < 0. For the non-negative even numbers n =
0, 2, 4, ..., the complex potential V (x) + iWn(x) are all
just PT -symmetric. For the non-negative odd numbers
n = 1, 3, 5, ..., the complex potential V (x) + iWn(x) are
all non-PT -symmetric sinceWn(x) are all even functions.
In what follows, we mainly study both PT -symmetric
potentials for n = 0, 2 and non-PT -symmetric potential
for n = 1.
1. Linear eigenvalue problem
Here we consider the rotating operator Ls with PT -
symmetric potentials with V (x) (20) and W0,2(x) (21),
which are given by
W0(x) = σωxe
−ωx2/2, (22)
W2(x) = 2σω(2ωx
3 − 5x)e−ωx2/2, (23)
Figs. 9(a) and (b) numerically exhibit the domains of
the unbroken and broken PT -symmetric phases of the
rotating operator Ls with PT -symmetric potentials with
V (x) (20) and W0(x) (22) or W2(x) (23) for the different
frequency Γ on the (ω, σ)-space, respectively. When n
increases, the domain of unbroken PT -symmetric phase
becomes small, whose main reason is due to the effect of
the gain-and-loss distribution Wn(x) as n increases.
For the case n = 1, we have the gain-and-loss distribu-
tion in an even function
W1(x) = 2σ
√
ω(ωx2 − 1)e−ωx2/2, (24)
such that the complex potential V (x) + iW1(x) are non-
PT -symmetric. By using the numerical calculation, for
the fixed Γ = 0.0375, 10.5, we can not almost find the
domain of the unbroken phase of the rotating opera-
tor Ls with non-PT -symmetric potentials with V (x)
(20) and W1(x) (24) in the same domain of (ω, σ)-space
{(ω, σ)|0 < |σ| < 4, 0 < ω < 3}. This may imply that the
PT -symmetric potential indeed plays an important role
in the study of unbroken domains of the linear eigenvalue
problems with complex potentials. But this result does
not imply that non-PT -symmetric potentials are not in-
teresting. We still find the stable nonlinear modes in the
non-PT -symmetric potential (see the following Sec.III-
C-2.3).
2. Nonlinear modes and stability
For the above-mentioned PT -symmetric potential (20)
and (21), we have exact multi-hump bright solitons of
Eq. (3) for the attractive case g = 1
φn(x) =
σ
3
√
2
g
Hn(
√
ωx)e−ωx
2/2eiϕn(x), (25)
FIG. 9. (color online). The profiles of phase transitions for
the linear operator Ls (12) with PT -symmetric harmonic-
Gaussian potentials with V (x) (20) andW0 (22) andW2 (23).
The unbroken (broken) PT -symmetric phase is in the domain
between (outside) two symmetric phase breaking curves for
(a) n = 0, Γ = 0.0375, 10.5, and (b) n = 2, Γ = 0.0375, 8.
FIG. 10. (color online). (a) Linear stability [cf. Eq. (10)] of
nonlinear modes (25). One-hump nonlinear modes (25) for
(b) σ = 1.8 (broken linear PT -symmetry) and (d) σ = 1.92
(broken linear PT -symmetry). (c) Stable and (e) unstable
propagation of the nonlinear modes (25) corresponding to the
weakly perturbed initial conditions shown in (b) and (d), re-
spectively. Other parameters are g = ω = 1, Γ = 0.0375, n =
0.
where the chemical potential µ = 12 [Γ
2 − (2n+1)ω], and
the phase is
ϕn(x) = Γx− 2σ
3
∫ x
0
Hn(
√
ωs)e−ωs
2/2ds (26)
In the following we numerically study the linear stabil-
ity of nonlinear modes (25) for n = 0, 1, 2.
2.1 PT -symmetric nonlinear modes (n = 0)
For the case n = 0, we firstly fix the momentum coef-
ficient Γ = 0.0375 and give the domain of linear stability
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FIG. 11. (color online). (a) Linear stability [cf. Eq. (10)]
of nonlinear modes (25). One-hump nonlinear modes (25)
for (b) σ = 0.5 (unbroken linear PT -symmetry) and (d)
σ = 1.8 (broken linear PT -symmetry). (c) Stable and
(e) periodically varying propagation of the nonlinear modes
(25) corresponding to the weakly perturbed initial conditions
shown in (b) and (d), respectively. Other parameters are
g = ω = 1, Γ = 10.5, n = 0.
[cf. Eq. 10)] of nonlinear mode (25) in the (ω, σ)-space
(see Fig. 10(a)). Moreover, we present the wave propa-
gations of nonlinear modes exhibited in Figs. 10(c, e) via
the direct propagation of the initially stationary state in
Eq. (25) with a noise perturbation of order about 1%
for special parameters ω and σ. In Fig. 10(c) we show
that the nonlinear mode is stable even if the linear PT -
symmetric phase is broken. That is, the nonlinearity can
excite the broken PT -symmetric phase to the unbroken
PT -symmetric phase for some parameters. If we increase
the amplitude σ of the gain-and-loss distribution a little
bit such that we have the unstable nonlinear mode (see
Fig. 10(d)).
We now change the momentum coefficient as Γ = 10.5
and give the domain of linear stability [cf. Eq. 10)] of
nonlinear mode (25) in the (ω, σ)-space (see Fig. 11(a)).
Moreover, we present the wave propagations of nonlinear
modes is exhibited in Fig. 11 via the direct propagation
of the initially stationary state in Eq. (25) with a noise
perturbation of order 1%. In Fig. 11(c) we show that the
nonlinear mode is stable where the linear PT -symmetric
phase is unbroken. If we increase the amplitude σ of
the gain-and-loss distribution in which the linear PT -
symmetric phase becomes broken such that we also have
the stable nonlinear mode (see Fig. 11(e)), but we observe
the evident oscillations (breather-like behavior).
FIG. 12. (color online). (a) Linear stability [cf. Eq. (10)]
of nonlinear modes (25). Three-hump nonlinear modes (25)
for (b) σ = 0.2113 (unbroken linear PT -symmetry) and (d)
σ = 0.22 (broken linear PT -symmetry). (c) Stable and (e)
unstable propagation of the nonlinear modes (25) correspond-
ing to the weakly perturbed initial conditions shown in (b)
and (d), respectively. Other parameters are g = ω = 1, Γ =
0.0375, n = 2.
2.2 PT -symmetric nonlinear modes (n = 2)
For the case n = 2, we firstly fix the momentum coef-
ficient Γ = 0.0375 and give the domain of linear stability
[cf. Eq. 10)] of nonlinear mode (25) in the (ω, σ)-space
(see Fig. 12(a)). Moreover, we present the wave prop-
agations of nonlinear modes is exhibited in Fig. 12 via
the direct propagation of the initially stationary state
in Eq. (25) with a noise perturbation of order 1%. In
Fig. 12(c) we show that the nonlinear mode is stable
where the linear PT -symmetric phase is unbroken. If
we increase the amplitude σ of the gain-and-loss distri-
bution a little bit (e.g., σ = 0.22) such that the nonlinear
mode becomes unstable (see Fig. 12(d)). We now change
the momentum coefficient as Γ = 8 and give the domain
of linear stability [cf. Eq. 10)] of nonlinear mode (25) in
the (ω, σ)-space (see Fig. 13(a)). Moreover, we present
the wave propagations of nonlinear modes is exhibited in
Fig. 13 via the direct propagation of the initially station-
ary state in Eq. (25) with a noise perturbation of order
1%. In Fig. 13(c) we show that the nonlinear mode is
stable where the linear PT -symmetric phase is unbro-
ken. If we increase the amplitude σ of the gain-and-loss
distribution (e.g., σ = 0.2113) even if the linear PT -
symmetric phase is still unbroken, but we have the un-
stable nonlinear mode (see Fig. 13(e)). Particularly, it
follows from Figs. 12(c) and 13(e) that for the fixed pa-
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FIG. 13. (color online). (a) Linear stability [cf. Eq. (10)]
of nonlinear modes (25). three-hump nonlinear modes (25)
for (b) σ = 0.1 (unbroken linear PT -symmetry) and (d)
σ = 0.2113 (unbroken linear PT -symmetry). (c) Stable and
(e) unstable propagation of the nonlinear modes (25) corre-
sponding to the weakly perturbed initial conditions shown in
(b) and (d), respectively. Other parameters are g = ω =
1, Γ = 8, n = 2.
rameters n = 2, ω = g = 1, σ = 0.2113, the nonlinear
mode (25) is stable for Γ = 0.0375, but if we increase Γ,
then the nonlinear mode (25) possibly becomes excited
to the unstable state (e.g, Γ = 8, see Fig. 13(e)).
2.3 Non-PT -symmetric nonlinear modes (n = 1)
For the case n = 1, where the complex potential is
non-PT -symmetric, we have the linear stability analysis
of nonlinear modes exhibited in Fig. 14 via the direct
propagation of the initially stationary state in Eq. (25)
with a noise perturbation of order 1%. In Fig. 14(b)
we show that the nonlinear mode is stable. If we fix
the amplitude σ = 0.01 of the gain-and-loss distribution
and increase the momentum coefficient Γ = 8 such that
we have the unstable nonlinear mode (see Fig. 14(d)).
If we fix the momentum coefficient Γ = 8 and decrease
the amplitude σ = 0.001 such that we have the stable
nonlinear mode again (see Fig. 14f).
2.4 Interactions of solitons
Moreover, we also study the interactions of the bright
solitons (25) with n = 0 or 2 with other nonlinear
waves in the PT -symmetric potential. For the case
n = 0, i.e., the solution is one-hump soliton, we consider
the initial condition ψ(x, 0) = φ0(x) +
√
2σ/3[4ω(x +
FIG. 14. (color online). Double-hump (a) [σ = 0.01, Γ =
0.0375], (c) [σ = 0.01, Γ = 8], and (e) [σ = 0.001, Γ = 8] non-
linear modes (25). (b, f) Stable and (d) unstable propagation
of the nonlinear modes described by Eq. (25) corresponding
to the weakly perturbed initial conditions shown in (a, e) and
(c), respectively. Other parameters are g = ω = n = 1.
FIG. 15. (color online). (a, b) the interaction of exact one-
hump solution (25) with n = 0 and the wave
√
2σ/3[4ω(x +
20)2 − 2] exp[−ω(x + 20)2/2 + 4ix] with σ = 0.5, (c, d) the
interaction of exact three-hump solution (25) with n = 2 and
the wave
√
2σ/3 exp[−ω(x+20)2/2+4ix] with σ = 0.1. Other
parameters are g = ω = 1, Γ = 0.0375.
20)2 − 2] exp[−ω(x + 20)2/2 + 4ix] with φ0(x) given by
Eq. (25) such that the elastic interaction is generated
(see Figs. 15(a, b)). For the case n = 2, i.e., the solution
is three-hump soliton, we consider the initial condition
ψ(x, 0) = φ2(x) +
√
2σ/3 exp[−ω(x+ 20)2/2 + 4ix] with
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TABLE III. The signs of S0(x) (the power flowing direction)
is related to σ, Γ, and even space.
Case σ Γ S0(x)
1 σ > 0 Γ ≥ 2σ
3
S0 ≥ 0 for all x
2 σ > 0 0 < Γ < 2σ
3


S0 ≥ 0, |x|≥
√
− 2
ω
ln
(
3Γ
2σ
)
S0 < 0, otherwise
3 σ < 0 Γ > 0 S0 > 0 for all x
φ2(x) given by Eq. (25) such that the elastic interaction
is generated (see Figs. 15(c, d)).
3. The varying transverse power-flow
To more understand the properties of stationary non-
linear mode (25), we check its transverse power-flow or
‘Poynting vector’ as
Sn(x)=
2σ2
9g
H2n(
√
ωx)e−ωx
2
[
Γ− 2σ
3
Hn(
√
ωx)e−ωx
2/2
]
.(27)
which denotes that the signs of Sn are not positive or neg-
ative definite and dependent on parameters σ and Γ, n,
and even space position x. For n = 0, the three results
are listed in Table III. We discuss them as follows:
i) For the case 1, the power always flows from the loss
toward the gain.
ii) For the case 2, the the power flowing directions are
complicated. For any 0 < Γ < 2σ/3 with σ > 0, the
power always flows from the loss toward the gain for |x| ≥√
− 2ω ln
(
3Γ
2σ
)
and from the gain toward the loss for |x| <√
− 2ω ln
(
3Γ
2σ
)
.
iii) For the case 3, we find that the power always flows
from the gain toward the loss, which displays that the
rotational operator iΓ∂x is the same (or weak) action as
the gain-and-loss term W (x) (Γ 6= 0) or has no effect on
gain-and-loss term (i.e., Γ = 0).
For n = 1, the transverse power-flow or ‘Poynting vec-
tor’ S1(x) admits the similar structure as S0(x). But
as n > 1, Sn(x) admits the complicated structures. For
example, when we choose n = 2, Γ = 0.2, σ = 0.3, it
is difficult to find exact roots of equation f2(x) = 0.2 −
0.4(2x2 − 1)e−x2/2 = 0, but we have its four numerical
roots x1± ≈ ±0.9434788009, x2± ≈ ±2.506418670. As
a result, we know that S2(x) ≥ 0 for |x| ≥ 2.506418670
or |x| ≤ 0.9434788009 and S2(x) ≤ 0 for 0.9434788009≤
|x| ≤ 2.506418670 such that we have the graph to exhibit
the relation between transverse power-flow and gain-and-
loss distribution (see Fig. 16).
In the above-mentioned propagation dynamics of non-
linear modes, we use the a small noise level of 1%. We
here choose some examples (e.g., Figs. 3d, 10c, 14c, and
FIG. 16. (color online). The transverse power-flow
or ‘Poynting vector’ S2(x) (27) related to nonlinear modes
(25) and gain-and-loss curve W2(x) given by Eq. (23)
(dashed lines) with n = 2, σ = 0.3, Γ = 0.2, ω = 1.
x1± ≈ ±0.9434788009, x2± ≈ ±2.506418670. ‘L’=‘Loss’,
‘G’=‘Gain’.
FIG. 17. (color online). The propagation dynamics with a
higher noise level of 3%. (a) the parameters are as ones in
Fig. 3d, (b) the parameters are as ones in Fig. 10c, (c) the
parameters are as ones in Fig. 12c, (d) the parameters are as
ones in Fig. 14b.
12b) to repeat the evolutions with a higher noise level
of 3% (see Fig. 17) such that we find that a higher noise
level may lead to the unobvious (see Figs. 17a and b) and
obvious (see Figs. 17c and d) periodic oscillations rather
than ‘destroy’ their stability.
IV. THE EQUATION (1) WITH VARYING
MOMENTUM COEFFICIENT
Now we turn to Eq. (1) with the varying momentum
coefficient as
Γ(x) = γ sechx (28)
with γ being a real parameter, and the PT -symmetric
potential V (x) + iW (x) is still chosen as the Scarff-II
potential (11).
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A. Linear problem with unbroken and broken
PT -symmetry
The linear eigenvalue problem with PT -symmetric
Scarff-II potential (11) related to Eq. (1) is written as
LvΦ=λΦ, Lv=−1
2
∂2x+iΓ(x)∂x+V (x)+iW (x), (29)
where λ and Φ(x) are eigenvalue and engenfunc-
tion, respectively, and V (x), W (x), Γ(x) are defined by
Eqs. (11) and (28). In the absence of the momentum
term γ = 0, we know that Lv reduces to the usual PT -
symmetric Hamiltonian operator L0 and admits entirely
real spectra provided that the parameters V0 < 0 andW0
satisfy the condition (13) [31].
In the presence of momentum term γ, we make the
invertible transformation in Eq. (29)
Φ(x) = Φˆ(x) exp[iγ tan−1(sinhx)]. (30)
such that we find that Φˆ(x) is defined by
LvcΦˆ(x) = λΦˆ(x), Lvc=−1
2
∂2x + U(x), (31)
where we have introduced the complex potential U(x) as
U(x) =
(
V0− γ
2
2
)
sech2x+i
(
W0+
γ
2
)
sechx tanhx,(32)
which is just a PT -symmetric Scarff-II potential. It fol-
lows from Eqs. (29) and (31) that two linear operators Lv
and Lvc admit the same spectra via the transformation
(30). Thus we know that the linear problems (29) and
(31) admits entirely real (discrete) spectra provided that
the parameters V0 < γ
2/2 and W0 satisfy∣∣∣W0 + γ
2
∣∣∣ ≤ γ2
2
+
1
8
− V0, (33)
that is, two families of lines for every γ
lγ,± :W0 = ±
(
γ2
2
+
1
8
− V0
)
− γ
2
(34)
are PT -symmetric threshold lines in (V0,W0)-space.
For any real γ, we find that all lines lγ,+ in upper half
plane are parallel except for l0,+ = l1,+ and all lines lγ,−
in lower half plane are also parallel except for l0,− =
l−1,−, the critical line l0.5,+ is lowest in all lines lγ,+ and
l−0.5,− is highest in all lines lγ,−. Since we know that the
distance between two crossover points of lγ,± and V0 = 0
is dγ = γ
2 + 0.25 ≥ 0.25, then the domains of unbroken
PT -symmetric phase become bigger and bigger as |γ|
increase, that is, the domain of unbroken PT -symmetric
phase is smallest for γ = 0. This can be understood from
the fact that the decreasing of γsechx corresponds to the
shrinking of the gain-and-loss domains.
We also numerically give the domains of the unbro-
ken and broken PT -symmetry phase of the rotating op-
erator Lv with PT -symmetric potential (11) and vary-
ing frequency (28) for the different amplitude γ on the
FIG. 18. (color online). The profile of phase transitions for
the linear operator Lv (29) with varying frequency (28) and
PT -symmetric Scarff-II potential (11). The unbroken (bro-
ken) PT -symmetric phase is in the domain between (out-
side) two symmetric phase breaking lines for every different
frequency γ = 0,±1. The existence conditions of bright
soliton (35) for the attractive g = 1 (repulsive g = −1)
cases is in the domain outside (inside) the parabolic curve
V0 = −[2(W 20 +γW0−2γ2)/9+1] for γ = 0,±1. The tangent
points are T± = (−2.125, ±2.25), T1± = (−1.625, ±2.25 −
0.5), T−1± = (−1.625, ±2.25 + 0.5).
(W0, V0)-space (see Fig. 18). For the given γ = 1 and
different amplitudeW0 = −3, 1, we numerically illustrate
two lowest states corresponding to discrete spectra such
that the spontaneous symmetry breaking occurs due to
collision of the two lowest states as the amplitude |V0|
of the potential decreases (see Fig. 19). The non-smooth
point is due to the order of energy levels (i.e, the real
parts of eigenvalues) (see Fig. 19a).
FIG. 19. (Color online). (a, c) Real and (b, d) imaginary
parts of the eigenvalues [see Eq. (29)] as functions of V0 < 0
for the potential (11) at (a, b) W0 = −3 and (c, d) W0 = 1,
as well as γ = 1.
B. Nonlinear modes and stability
We now study nonlinear stationary modes of Eq. (1) in
PT -symmetric Scarff-II potential (11) with V0 < 0 and
14
W0 ∈ R, whose bright solitons can be found by ψ(x, t) =
φ(x)eiµt with
φ(x)=
√
1
g
[
2
9
(W 20 +γW0−2γ2)+V0+1
]
sechx eiϕ(x)
(35)
for both cases g = ±1, where the chemical potential is
µ = 0.5, and the phase is related to the amplitude W0 of
gain-and-loss distribution and frequency γ, that is ϕ(x) =
2(γ−W0)
3 tan
−1(sinhx). The existence conditions of the
bright solitons (35) are V0 > −[2(W 20 +γW0−2γ2)/9+1]
for g = 1 and V0 < −[2(W 20 + γW0 − 2γ2)/9 + 1] for
g = −1. Thus the family of parabolas
lγ : V0 = −[2(W 20 + γW0 − 2γ2)/9 + 1] (36)
with the vertex being (V0,W0) = (0.5γ
2 − 1, −0.5γ) can
be regarded as a critical curve for existence conditions of
bright solitons (35) for g = ±1. Moreover, for any γ, we
find an interesting result that the parabola lγ is tangent
to two critical lines lγ,± for the PT -symmetric phase shift
with the tangent points are (−2.125+0.5γ2, ±2.25−0.5γ)
for any γ. That is, the domain of bright solitons (35)
for g = −1 is located inside the domain of unbroken
PT -symmetry. The domain of bright solitons (35) for
g = 1 contains partial domain of unbroken PT -symmetry
and all domain of broken PT -symmetry. Particularly,
the two parabolas lγ=1 and lγ=0 are both tangent to the
same line l1,+ = l0,+ with different tangent points, and
two parabolas lγ=−1 and lγ=0 are both tangent to the
same line l−1,− = l0,− with different tangent points (see
Fig. 18).
For the fixed γ = 1, Fig. 20a for g = 1 and Fig. 21a for
g = −1 display the maximal absolute values of imaginary
parts of the linearized eigenvalues δ related to solutions
(35) as a function of V0 andW0 [cf. Eq. (10)], which illus-
trate the linear stable (the dark blue) and other unstable
regions.
In the following, we numerically check the robustness
of nonlinear modes (35) for both attractive and repulsive
cases via the direct propagation of the initially stationary
state in Eq. (35) with a noise perturbation of order 1%.
For the attractive case g = 1 and γ = 1, Fig. 20 illustrates
the stable and unstable situations for different parame-
ters W0 and V0. For V0 = −0.5 and W0 = −0.8 belong-
ing to the domain of the unbroken linear PT -symmetric
phase of the operator Lv [cf. Eq. (29)], the nonlinear
mode is stable (see Fig. 20(b)). If we fix V0 = −1 and
change W0 = 1.15, −2.15, which even if corresponds to
the domain of the broken linear PT -symmetric phase of
the operator Lv, the nonlinear mode still becomes sta-
ble (see Figs. 20(c, d)). For the repulsive case g = −1
and γ = 1, Fig. 21(b) illustrates the stable mode for
V0 = −2 and W0 = −1.8 related to the unbroken linear
PT -symmetric phase of Lv.
Finally, we also illustrate the transverse power-flow or
FIG. 20. (color online) Linear stability [cf. Eq. (10)] of non-
linear modes (35) for (a) g = 1 and γ = 1. Stable propagation
of the nonlinear modes (35) for (b) V0 = −0.5, W0 = −0.8
(unbroken linear PT -symmetry), (c) V0 = −1, W0 = 1.15
(broken linear PT -symmetry), and (d) V0 = −1, W0 = −2.15
(broken linear PT -symmetry).
FIG. 21. (color online) Linear stability [cf. Eq. (10)] of nonlin-
ear modes (35) for (a) g = −1 and γ = 1. Stable propagation
of the nonlinear modes (35) for (b) V0 = −2, W0 = −1.8
(unbroken linear PT -symmetry).
‘Poynting vector’ of the nonlinear mode (35) as
S(x) =
2
3
(γ −W0)φ20 sech3x, (37)
where φ0 =
√
1
g
[
V0 + 1 +
2
9 (W
2
0 + γW0 − 2γ2)
]
. When
γ > 0 > W0 or W0 > γ > 0, the power flows from the
gain toward loss, whereas γ > W0 > 0 the power flows
from the loss toward gain.
V. 3D MODEL WITH PT -SYMMETRIC
POTENTIAL
We consider the 3D generalized GP equation with the
PT -symmetric potential
iψt=
(
−1
2
∇2 + iΓ · ∂r + V (r) + iW (r)− g|ψ|2
)
ψ,(38)
where r = (x, y, z), ∇2 = ∂2x + ∂2y + ∂2z , Γ = (Γx,Γy,Γz)
with Γx,y,z being real constants, and ∂r = (∂x, ∂y, ∂z).
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FIG. 22. (color online). The potential V (x, y, 0) given by
Eq. (40) with (a) v0 = −5, (b) v0 = 5, and (c) v0 = 15; (d)
the gain-and-loss distribution W (x, y, 0) given by Eq. (40).
The velocity filed with (e) Γη = 3 and (f) Γη = 0.2. Other
parameters are αη = 2 and W0 = 0.8.
We focus on the stationary solution of Eq. (38)
ψ(r, t) = φ(r)eiµt and the field φ(r) satisfies the station-
ary model(
−1
2
∇2 + iΓ · ∂ + V (r) + iW (r)− g|φ|2 + µ
)
φ = 0, (39)
Nowadays we consider the generalized 3D PT -
symmetric Scarff-II potential
V (r)=
∑
η
(
v1ηsech
2η+v2ηsech
2αηη
)
+v0
∏
η sech
2αηη,
W (r) = W0
∑
η sech
αηη tanh η,
(40)
where the index η = x, y, z, v1η = −αη(αη +1)/2, v2η =
−2W 20 /(9α2η), αη > 0, v0 6= 0, W0 are all real constants.
Figs. 22(a)-(d) illustrate the profiles of PT -symmetric
potentials V (x, y, 0) and W (x, y, 0).
For the above-mentioned 3D PT -symmetric potential
(40) we obtain exact bright solitons of Eq. (39)
φ(r)=
√
v0/g
∏
η
sechαηη eiϕ(r), (41)
where gv0 > 0, the chemical potential is µ =
∑
η(α
2
η +
Γ2η)/2 and the phase is
ϕ(r) =
∑
η
(
Γ · r− 2W0
3αη
∫ η
0
sechαηsds
)
.
FIG. 23. (color online). The (a, b) real parts and (c,d) imagi-
nary parts of the bright soliton solution (41); (e, f) the trans-
verse power flow vector (Poynting vector) (43). Parameters
are Γη = 3 (left column) and Γη = 0.2 (right column). Other
parameters are g = 1, v0 = 5, W0 = 0.8, and αη = 2.
The real and imaginary parts of the solutions (41) are
shown in Figs. 23(a)-(d).
The velocity field v(x, y, z) of the solitons (41) have
the form v = ∇ϕ(x, y, z) = (fx, fy, fz), where fη = Γη −
2W0/(3αη)sech
αηη, which is shown in Figs. 22(e) and (f).
Therefore, the divergence of velocity field v(x, y, z) (alias
the flux density) is given by
div v(x, y, z) = ∇2ϕ(x, y, z) = 23W (r), (42)
which measures the flux per unit area and is dependent
on both W0 and space position. Moreover, we also have
the divergence of velocity field is proportional to the gain-
and-loss distribution W (r) (cf. Fig. 22(d)).
From Eq. (42) we have the following proposition:
• the direction of a flux is away from the point if
W (r) > 0 for a point, i.e., W (r) is the gain term;
• the direction of a flux is towards the point if
W (r) < 0 for a point, i.e., W (r) is the loss term;
• a flux does not move at the point if W (r) = 0 for
a point, i.e, without the gain-and-loss term,
The transverse power-flow or Poynting vector related
to the solution (41) is given by
~S(r) =
v0
g
(∏
η
sech2αηη
)
(fx, fy, fz), (43)
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which illustrates the complicated structures whose pro-
files are displayed in Figs. 23(e) and (f) for some chosen
parameters.
In fact, we can also consider Eq. (38) with varying
coefficient Γ → Γ(r), which will be studied in another
literature.
VI. CONCLUSIONS
In conclusion, we have presented bright solitons and
their linear stability of the generalized GP equation with
physically relevant PT -symmetric potentials. We find
that the constant momentum coefficient has no effect on
the unbroken linear PT -symmetric phase, but it can en-
large real parts of the spectra, and modulate stability
and the transverse power-flow of nonlinear modes. If
we consider the spatially varying momentum coefficient,
we find that Γ(x) not only changes the unbroken linear
PT -symmetric phase but controls stability of nonlinear
modes. Moreover, the elastic interactions of two bright
solitons are illustrated in the PT -symmetric potentials.
Particularly, the nonlinearity can modulate the lin-
ear modes with broken PT -symmetric phases into stable
nonlinear modes. We also consider the stability of bright
solitons in the presence of non-PT -symmetric potential
(i.e., harmonic-Gaussian potential given by Eqs. (20)
and (21) with n = 1). Finally, we study nonlinear
modes in 3D generalized GP equation with the general-
ized PT -symmetric Scarff-II potential. These stable PT-
symmetric nonlinear modes provide the abundant data
to design the relevant physical experiments and may ex-
cite the applications in some related fields. The methods
used in this paper can also be extended to other non-
linear models with PT -symmetric or non-PT -symmetric
potentials.
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